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PERTUIiBATIONS I N  TilE MOTION O F  ART1 rFI C I A L  SATELLITES 
DUE To THE ELLIFTICITY O F  THE EARTE 

V. F. ?rosk-irin ai3 Pu. V. Zatrakov 

/& 6 q!%Jk ... 
L i t e r a l  e x p r e s s i o n s  have been r e c e i v e d  for  first o r d e r  p e r t u r b a t i o n s  

i n  t h e  o r b i t a l  e l emen t s  of a r t i f i c i a l  s a t e l l i t e s  o f  t h e  E a r t h  a c c u r a t e  t o  
t h e  first power of  the  B a r t h ' s  f l a t t e n i n g  a n d  t h e  f i f t h  power of t h e  or- 
b i t a l  e x c e n t r i c i t y  through.  The c o e f f i c i e n t s  o f  t h e s e  e x p r e s s i o n s  depend 
on t h e  i n c l i n a t i o n  of t h e  o r b i t  b y  means o f  t r i g o n o m e t r i c a l  polynomials .  
More a c c u r a t e  e x p r e s s i o n s  a r e  g iven  for s e c u l a r  f i r s t  o r d e r  p e r t u r b a t i o n s  
i n  t h e  l o n g i t u d e  of  t h e  node, i n  the  argument o f  t h e  p e r i g e e  and i n  the  
mean anomaly. The s e c u l a r  n o t i o n  o f  t h e  node h a s  been de termined  w i t h  a c -  
coun t  of second o r d e r  p e r t u r b a t i o n s  due t o  t h e  E a r t h ' s  f l a t t e n i n g .  A 
n u m e r i c a l  example i l l u s t r a t e s  t h e  comparat ive v a l u e  o f  t h e  p e r t u r b a t i o n s .  

LC r y  L L. 
One of t h e  major  c a u s e s  of t h e  o r b i t a l  d e v i a t i o n  o f  a r t i f i c i a l  sa te l -  

l i t e s  from the  unpe r tu rbed  K e p l e r i a n  e l f i p s e s  i s  the n o n s p h e r i c a l  s h a p e  o f  

t h e  Ear th .  And t h e  greatest  p e r t u r b a t i o n s  i n  t h e  motion o f  t h e  s a t e l l i t e s  

are  d u e  t o  t h e  e l l i p t i c i t y  o f  t h e  e a r t h .  

The problem of d e t e r m i n i n g  t h e  mot ion  o f  a sa te l l i t e  i n  t h e  g r a v i t a -  

t i o n a l  f i e l d  of a f l a t t e n e d  p l a n e t  h a s  been t a c k l e d  be fo re  i n  connec t ion  

w i t h  t h e  development o f  t he  t h e o r i e s  of  motion o f  l a r g e  p l a n e t  s a t e l l i t e s ,  

B u t  a number of  o r b i t a l  c h a r a c t e r i s t i c s  o f  t h e  a r t i f i c i a l  s a t e l l i t e s  m a k e  

i t  i m p o s s i b l e  t o  u t i l i z e  t h e  a v a i l a b l e  methods f o r  t h e  development of a 

t h e o r y  of t h e i r  motion,  C h i e f  among them are t h e  o r b i t a l  i n c l i n a t i o n  of 

t h e  a r t i f i c i a l  s a t e l l i t e s  and t h e i r  p rox imi ty  t o  t h e  Earth's surface. 

I t  i s  t h e r e f o r e  necessa ry  to  develop a new a n a l y t i c  t h e o r y  t h a t  could  

b e  a p p l i e d  t o  a r t i f i c i a l  sa te l l i t es  w i t h  any o r b i t a l  i n c l i n a t i o n  toward the  

e q u a t o r i a l  p lane ,  and would b e  s u f f i c i e n t l y  a c c u r a t e  even  i n  t h e  c a s e  o f  

s a t e l l i t e s  t r a v e l i n g  i n  t h e  i l rmediate  v i c i n i t y  of  t h e  E a r t h ' s  s u r f a c e .  

I t  is now assumed t h a t  t h e  p l a n e t  i s  shaped  l i k e  an  ob la t e [? ]  CUrovennyyJ 
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e l l i p s o i d  o f  r e v o l u t i o n ,  and t h a t  i ts  f l a t t e n i n g  is 60 i n s i g n i f i c a n t  t h a t  

i t s  t h i r d  power may be d i s r e g a r d e d .  The p a r t  of t h e  p e r t u r b a t i o n  f u n c t i o n  

under  c o n s i d e r a t i o n  is  expanded i n  s e r i e s  a c c o r d i n g  t o  the degree  o f  eccen- 

t r i c i t y ;  t h e  c o e f f i c i e n t s  of t h e  s e r i e s  a r e  t h e  t r i g o n o m e t r i c  f u n c t i o n s  of 

i n c l i n a t i o n .  The i n t e g r a t i o n  of  t h e  Lagrange equations produced c l n a l y t i c a l  

e x p r e s s i o n s  f o r  p e r t u r b a t i o n 6  of  t h e  first o r d e r  in r e l a t i o n  t o  the compres- 

s i o n  of all t h e  o r b i t a l  e lements ,  a c c u r a t e  t o  t h e  f i f t h  power o f  e c c e n t r i c i t y  

i n c l u s i v e ,  P u r e l y  s e c u l a r  terms of t h e  motion o f  a node i n  t h e  s a t e l l i t e  or -  

b i t  have been  o b t a i n e d  from the  p e r t u r b a t i o n s  of t h e  second o r d e r  i n  r e l a -  

t i o n  t o  t h e  o b l a t e n e s s ,  

1. Formulat ing the  Problem. Expandine; 
t h e  P e r t u r b a t i o n  m n c t i o n  

L e t  a zero mass s a t e l l i t e  (S i n  t h e  f i g u r e )  move in t h e  g r a v i t a t i o n a l  

f i e l d  o f  t h e  E a r t h  whose s u r f a c e  is shaped  l i k e  an  e l l i p s o i d  of  r e v o l u t i o n .  

The o b l a t e n e s s  of t h e  Larth and i t s  a n g u l a r  v e l o c i t y  may b e  cons ide red  as i n -  

s i g n i f i c a n t  -magni tudes,  The r e s i s t a n c e  of t h e  atmosphere is n o t  taken i n t o  

c ons id  e ra t i  on. 

The  p o t e n t i a l  of t he  o b l a t e [ ? ] [ U r o v e ~ y y ]  e l l i p s o i d  of  r e v o l u t i o n  on 

a n  e x t e r n a l  p o i n t ,  a c c u r a t e  t o  t he  second power o f  o b l a t e n e s s ,  looks l i k e  the  

f o 1 lowi n g 
r- 

where f i s  t h e  g r a v i t a t i o n  c o n s t a n t ,  

v e c t o r  of  p o i n t  S ,  a '  t h e  e q u a t o r i a l  

m t h e  mass of  t h e  t a r t h ,  r t h e  r a d i u s -  

r a d i u s  o f  t h e  E a r t h ,  8 t h e  d e v i a t i o n  of 
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t h e  s a t e l l i t e .  

mulas  

The c o e f f i c i e n t s  J and D are d e f i n e d  by t h e  f o l l o w i n g  for-  

where & is t h e  f l a t t e n i n g  o f  t h e  earth e l l i p s o i d ,  and W 

o f  its r e v o l u t i o n .  

t h e  angular s p e e d  

I f  p e r t u r b a t i o n  f u n c t i o n  R,  which is  d e f i n e d  by formula (11, is  l i m i t -  

e d  t o  the f i r s t  power o f  e l l i p t i c i t y ,  t h e n  
I -I 

To expand f u n c t i o n  R i n t o  s e r i e s  a c c o r d i n g  t o  t h e  degree  o f  e c c e n t r i c -  

i t y  o f  t h e  s a t e l l i t e ' s  o r b i t ,  i t  would b e  p r a c t i c a l  t o  beg in  by t r ans fo rm-  

i n g  e x p r e s s i o n  ( 3 ) .  From t h e  s p h e r i c a l  t r i a n g l e  SNS' w e  f i n d  t h a t  

s in  6 = sin i sin (w +.w), (4 

where i is t h e  o r b i t a l  i n c l i n e ,  v t h e  t r u e  anomaly, m t h e  a n g u l a r  d i s t a n c e  

from p e r i g e e  t o  t h e  node ( p e r i g e e  argument) .  S u b s t i t u t i n g  14) i n  ( 3 )  and 

c a r r y i n g  ou t  some t r a n s f o r m a t i o n s ,  we g e t  

(7 (7 1 9  ( 5 )  
- 1 R = -g Jf rn 2 1 (2 - 3') (:j t X' cos 20 cos 2v - 3k2 sin 20 7 sin 2v 

where a i s  t h e  l a r g e  o r b i t a l  semiaxis, and  = s i n  i f o r  p u r p o s e s  o f  brev-  

i t y .  'ihe expans ion  i n  s e r i e s  b a s e d  on t h e  m u l t i p l e s  of  m e a n  anomoly M (Sub- 

b o t i n ,  1937) can be used  f o r  t h e  f o l l o w i n g  combina t ions  (er, (:)3cos2u, (+)3 jin2v *, 

We w i l l  wri te  t h e s e  expans ions  o u t  t o  t h e  s i x t h  power of e c c e n t r i c i t y  e, i n -  

c l u s i v e .  
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S u b s t i t u t i n g  (6) in (31,  we g e t  t h e  final e x p r e s s i o n  for R ,  c o r r e c t  t o  

t h e  s i x t h  power of  e c c e n t r i c i t y  

L .  ~ L -& .*" & ~ -."---- 

9 

7 e'+% 47 e6) cos.:!M+ cos 3 M t  - 77 (e4+ 8 

o,3 + ~ e p c o s 5 M + ~ e 6 ~ : o s 6 1 M  1773 - 3167 7 '  I+-,; Jfrn -r i2[L c o s ( M - 2 w ) + -  
I -  48 

81 4 (2M--  2 ~ )  -+ -- cos (W- 2tu) + 4% e6 cos (4M- 2w)  - 1280 

- 3 1 (e- -g 1 e'+ mes) 5 cos (M+ 2&)+ (1 - 5 13 
cos ( 2 ~ t 2 w ) t  e'+ Ge4 - 

601 
448 489 -1 17( 2 51 

123 2 ' (  56 + -- e - -e3+- eJ cos (3M+ 20) 4- e! - e'+ 408 e6) cos (w+20)+ 

13 827 6505 e5) cos (5M+ 2 ~ )  +E e4 - - 2) cos (6M+ 2w) + 

73 369 e5 cos (7M+ 20)) -+ -- e6 cos ( 8 M t  2a)]. 
720 

(7) 
533( 5330 

+- e3-- 
845( 48 2704 

+- 
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2. P e r t u r b a t i o n s  of t h e  F i r s t  Orde r  

The Lagrange fo rmulas  used  t o  d e f i n e  t h e  o s c u l a t i n g  e lements  l ook  l i k e  

t h e  f o l l o w i n g  (Subbo t in ,  1937) 
1 
I do- - -  2 dR 

dt na d~ ' 
de \1 - -e"  ev1-ce2 1 d R  
dt - no2e dr; I +  \ / 1 - ~ 2  nas d t  ' 

-- 
~- 

- - - _I . eR - - -----. -. - 

dQ t.osaci dR 
dt - G> di ' _-_-. -. 

I i  i *I 
-- 

dR e 4 l - e 2  1 dR a; 2 d R  _- __.___ -f - +--.-.- 
d t  - no 01 n r ,  d i  I +  41 - -e? nu2 de ' 

t g -,,- 
-- 

where a, e, i, 2,  Z = O - j - L '  ,'e r e p r e s e n t  s i x  e lements  of t h e  s a t e l l i t e  o r b i t ,  n 

t h e  a v e r a g e  motion,  and  €2 t h e  p e r t u r b a t i o n  f u n c t i o n .  

rbe s h o u l d  p o i n t  o u t  t h a t  i n  t h e  e q u a t i o n  for 'k , t h e  d e r i v a t i v e z t  dR i.8 also 

raised t o  a n e g a t i v e  e power. T h i s  r e d u c e s  t h e  accu racy  o f  t h e  e x p r e s s i o n  

o f  t h e  first o r d e r  in element  n ,  so t h a t  t h e  e x p r e s s i o n  , r e q u i r e d  f o r  

t h e  d e f i n i t i o n  o f  t h e  p e r t u r b e d  r a d i u s - v e c t o r  and l o n g i t u d e  o f  the  sa te l -  

l i t e  i s  a c c u r a t e  o n l y  t o  the  f i f t h  power o f  e c c e n t r i c i t y .  The p e r t u r b a t i o n s  

and o t h e r  e l emen t s  s h o u l d  b e  d e f i n e d  w i t h  such accuracy ,  even though t h e y  

c o u l d  b e  de t e rmined  t o  the  s i x t h  power o f  e c c e n t r i c i t y  i n c l u s i v e .  

hxpanding t h e  c o e f f i c i e n t s  of t h e  r i g h t  p a r t s  o f  (8) by degree o f  ec- 

c e n t r i c i t y  and  s u b s t i t u t i n g  R from (71, w e  w i l l  g e t ,  a f t e r  i n t e g r a t i n g  (81, 

the f o l l o w i n g  e x p r e s s i o n s  f o r  t h e  f i r s t - o r d e r  p e r t u r b a t i o n s  o f  t h e  e l l i p  t i c  

e l e m e n t s  in t h e  s a t e l l i t e  o r b i t :  
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1 533 228347 - + 16 e4 cos (6hi't 211)) t 3840 e' cos (7M+ 2u) . 
- 
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L .  

The r e s u l t i n g  p e r t u r b a t i o n s  of t h e  e l emen t s  can be used for computing 

t h e  p e r t u r b e d  s t a t e s  of the  artificial s a t e l l i t e s .  The following formulas  

are used f o r  t h a t  purpose  
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. .  

where t h e  l e t t e r s  w i t h  z e r o  i n d i c e s  i n d i c a t e  t h e  v a l u e s  o f  t h e  unpe r tu rb -  

e d  e l e m e n t s ,  he  s h o u l d  p o i n t  o u t  the s e c u l a r  p e r t u r b a t i o n s  a r e  found o n l y  

in t h e  e l emen t s  9, E ,  L . They a r e  a b s e n t  i n  t h e  o t h e r  e lements .  

3. S e c u l a r  P e r t u r b a t i o n s  of t h e  F i r s t  Orde r  

The most i a p o r t a n t  among the  p e r t u r b a t i o n s  of the  first o r d e r  a r e  the  

s e c u l a r  p e r t u r b a t i o n s ,  as they  de termine  t h e  e v o l u t i o n  of t h e  o r b i t  i n  t h e  

c o u r s e  of t i m e .  It is t h e r e f o r e  u s e f u l  t o  know t h e  s e c u l a r  d i s t u r b a n c e s  

t o  a h i g h e r  d e g r e e  o f  accuracy .  

The s p e c i a l  s t r u c t u r e  of t h e  p e r t u r b a t i o n  f u n c t i o n  make6 i t  p o s s i b l e  t o  

f i n d  t h e  s e c u l a r  d i s t u r b a n c e s  i n  t h e i r  f i n a l  form p i t h o u t  r e s o r t i n g  t o  a n  

expans ion  i n  s e r i e s  b a s e d  on t h e  deg ree  o f  e c c e n t r i c i t y .  

The computat ion o f  t h e  s e c u l a r  d i s t u r b a n c e s  c a n  be more c o n v e n i e n t l y  

done by r e p l a c i n g  t h e  e lements?  & w i t h  W and  Mo which are d e f i n e d  by t h e  

following fonnulas  

The Lagrange e q u a t i o n s  f o r  t h e  e lements  @, Mo, look l i k e  t h e  fo l low-  

Vie w i l l  d e s i g n a t e  t h e  c o e f f i c i e n t s  o f  t h e  s e c u l a r  d i s t u r b a n c e s  of e l e -  

ments  

an  independen t  v a r i a b l e ,  t h e  t r u e  anomaly which is connec ted  wi th  t i n  the 

fN , Ho by R ' *  & ' * K J ,  r e s p e c t i v e l y .  R e  w i l l  also i n t r o d u c e ,  as  

fo l lowing  formula 
- -  --- 

r2du = \ / f /n  ~ ' ~ 7  ( I  - e2) dt. , 

We w i l l  t hen  have  



Formulas (11) produce t h e  c o e f f i c i e n t s  El' ,Ir, ' , M *  on the  assumption 
0 

T 
L?r 

t h a t  t h e  - reag8itude has  been s e l e c t e d  as a u n i t  of t ine ,  where T is the  

p e r i o d  of t h e  s a t e l l i t e ' s  r e v o l u t i o n  around t h e  Ear th .  If a &-hour day 

i s  t o  be t a k e n  as a unit of  time, the  r igh t -hand  p a r t s  of formulas  (11) 

shou ld  be ai -&tipl ied  by the average d a i l y  mobion o f  s a t e l l i t e  n, and i f  t h e  
t 

l a t t e r  is e x p r e s  r a d i a n s  or degrees ,  t h e  r e s u l t i n g  c o e f f i c i e n t s  R , 
w e ,  PI' will also be expressed i n  r a d i a n s  o r  deg rees ,  

0 

The c a l c u l a t i o n  by formulas  (111, f o l l o w i n g  t h e  m u l t i p l i c a t i o n  of t h e  

I r i g h t - h a n d  p a r t s  by n, w i l l  produce 

Fro= t h e  above i t  w i l l  be easy t o  form expres s ions  f o r  t h e  c o e f f i -  

c i e n t s  of t h e  secular  p e r t u r b a t i o n s  ?I' and . '&e have 

(13) 

Bie can s e e  from (121 t h a t  t h e  secular motion of a node r e a c h e s  i t s  max- 

i m u m  a t  i = 0 ,  180°, t h a t  i s  when t h e  o r b i t  l i e s  in t h e  e q u a t o r i a l  plane.  

A t  i = 90°r t h a t  i s  i n  c a s e  t h e  o r b i t a l  p l a n e  c r o s s e s  t h e  E a r t h ' s  p o l e ,  3' 

= 0. The s e c u l a r  motion of t h e  p e r i g e e  r e a c h e s  a maxiam at  i = 0, 180' and 

is reduced  t o  z e r o  a t  i = 63'26'. 

r e a c h e s  a maximum at i = 0, 180' and is reduced  t o  zero a t  i = 54O44'. 

The s e c u l a r  motion of t h e  element  Ho 

4. C a l c u l a t i n g  P e r t u r b a t i o n s  o f  t h e  F i r s t  Orde r  

7ve w i l l  use an o r b i t  wi th  t h e  fo l lowing  e l emen t s  as an example o f  c a l -  

c u l a t i n g  p e r t u r b a t i o n s  of  t h e  f i r s t  o r d e r :  C I =  7256.88 m, 
<' =- 0.099493, 
i = 6514900. 

* 
1. (Express ions  f o r  t h e  c o e f f i c i e n t s  R a n d w  ' were o b t a i n e d  i n  t h e  work 

of D. Ye. Okhots imskiy,  T .  M, Eneyev and G. P. Taratynova t19573).  



. 

We w i l l  also assign the fo l lowing  values t o  t h e  c o n s t a n t s  a’ and J: 

(1’ = 6378.39 KM, 
J -  O.!lo!O4!47. 

S u b s t i t u t i n g  t h e  adopted v a l u e s  o f  the o r b i t a l  e lements  and cons tants  

a’  and J i n  formulas ( 9 ) .  w e  get t h e  f i n a l  express ion  f o r  the per turbat ions  

of t h e  f i r s t  order  produced by the  Earth’s e l l i p t i c i t y :  

2 , ~  = 4 . 4 4 6  cos M- 0.066 cos 2M - 0.010 COS 3M - 0.001 COS 4M- 
-0.376 COS (M 4 30,) + 7.401 COS (2M + 218)) + 

- t2 .584  COS i3M-i-2~)+0.624 COS (4M+2(*))-1- 
+ 0.131 CO‘ (5dl4- 2~1)) + 0.024 COS (6111t 2 ~ ) ,  - -  

;,e = -0.0003036 I 05 A, f .(A >L ~ O S  2.V - -  0.0000066 COS 3 M -  
-0.0000032 CC,>-;.’~,’ 1 O.OOW601 C O S  (hI+-2~))  + 

t 0.0000003 
+ 0.0005824 ( O S  (3 5’ I 2$$ I -I- O.COo’L119 COS (~M-I -  2~0) + 

:OS (I ,. - .!lni 1 - C).O[ 00’251 COS (21M -t 2 ~ )  + 

+ 0.0000524 C O S  (5:W -1  3, ) t 0.(1000113 COS (6M-e 2 4 +  
+ o.oo~!coL‘~ i cc:s ( 7 M t  24, 

. .  
fill =-0?001:;6 C C ~  (ill-i 2 ~ )  t 0.01333 cos(2M-t 210)+ 

-t0~00310 1’0s  (3:tI - I  2tt ) -+ O.O(l.562 COS (m-1-2~) + 
-t- OF00009 COS (5R.I I 2 1)) - I  0 OOOO1 COS ( 6 M + - 2 ~ ) ,  

2,O =-2.67116t - 0  CJO‘ 97 sin M-0.00067 sin2M- t 
I 

- OO00007 sin 3I I - 0.00001 sin 4121 - Of00149 sin ( M t  2 ~ )  + 
+ 0.01465 sin ( 2 M  -t- 2(1) + 0:’03341 sin (3M+ 2 ~ )  -i- 
+ 0’?00062 sin (4M-f 2vb) + 0.00010 sin (5M-i- 2 ~ )  -I- 

+ O 00002 s i n  ( 6 M t  2 ~ ) ,  

’ 

= -4077 J56t -- 0.01625 sin M- 0?00154 sin 2M- 
-0300016 sin 31d- 0 :‘00002 sin 4.41- 0000894 sin (M+ Pa) + 

-+ 0109471 sin (2NI -+ 211)) -t 0’02376 sin (3M-i- 2w) t 

t 0300461 sin ( 4 M  + % * I )  + O X O O S O  sin ( 5 M t  2 ~ )  + 
-I- 3.00014 si]; (6.111+2cu), 

i 
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e;,;: = -0?31079f -- 0.01546 s i n  M -  0'00267 sin 2 M -  
-O?O0038 sir 3M -- O.OOCi35 ,in JM- O?OOOOl sin 5M - 

-0?01488 sin (,If-+ %<I! - 11 GO649 sin (2M+ 20) + 
+- 0?00002 sin (,lZ--- 3% j -I- 0'.'03259 sin (3M+ 20) + 
+ 0?01203 sin (f M - i  2 ~ ~ )  -i 0030299 sin ( 5 M t  2w) + 
+ 0?00062 sin (titl-i 21, ) + 0310012 sin ( 7 M t  2w) + 

+ 31OOOO: sir ( 8 M t  20)). 

Here t h e  c o e f f i c i e n t s  of t h e  p e r i o d i c  p e r t u r b a t i o n s  of the l a r g e  semi- 

axis are g iven  fii kii~meters, tiit in the secular  p e p t i i r b ~ t i o i i ~  cif t h e  ~ l t -  

nients .I* E * * * t h e  t ime s h o u l d  be p r e s e n t e d  i n  mean s o l a r  days .  

The above -c i t ed  numer i ca l  va lues  p r o v i d e  a c l e a r  i d e a  o f  t h e i r  magni- 

t ude .  

Thus i n  t h e  l a rge  s e m i a x i s ,  t h e  p e r i o d i c  p e r t c r b a t i o n s  w i t h  t h e  a rgu-  

ments  (2M + 2@ and (3M + ilu are t h e  most i m p o r t a n t ,  and t h e i r  ampli- 

t u d e s  a r e  7.4 and 2.6 k i l o m e t e r s .  The greatest  p e r t u r b a t i o n  i n  t h e  eccen-  

t r i c i t y  has a n  argument (3 + 2 U )  and c a n  produce a 4.2 d e v i a t i o n  from t h e  

p e r i g e e  a l t i t u d e .  

The g r e a t e s t  p e r i o d i c  p e r t u r b a t i o n s  i n  t h e  o t h e r  e l emen t s  amount t o  

s e v e r a l  minu te s  o f  t h e  a r c .  T h u s  t h e r e  a r e  f a i r l y  l a r g e  p e r t u r b a t i o n s  i n  

a l l  t h e  e l e m e n t s  which s h o u l d  b e  taken  i n t o  c o n s i d e r a t i o n .  

5. S e c u l a r  P e r t u r b a t i o n s  of the Second Order  
in t h e  Motion of a Node 

The s e c u l a r  motion o f  a node is  t h e  most i m p o r t a n t  f e a t u r e  of t h e  mo- 

t i o n  of a r t i f i c i a l  s a t e l l i t e s ,  as i t  can  be v e r y  a c c u r a t e l y  d e t e n n i n e d  from 

o b s e r v a t i o n s ,  on t h e  o n e  hand, and  can be used  f o r  a more p r e c i s e  d e f i n i -  

t i o n  o f  t h e  c o n t r a c t i o n  of the  Ea r th ,  on t h e  other. The t h e o r e t i c a l  expres -  

si ;n f o r  t h e  s e c u l a r  n o t i o n  of  a node s h o u l d  t h e r e f o r e  be h o w n  as thorough- 

l y  as p o s s i b l e .  

i n  r e l a t i o n  t o  c o n t r a c t i o n  i n  t h e  motion of a node. 

Below i s  a c a l c u l a t i o n  of  t h e  second  o r d e r  p e r t u r b a t i o n s  
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The l o n g i t u d e  o f  a n  a scend ing  node is d e f i n e d  by t h e  fo l lowing  f o w u l a  

where R is d e f i n e d  by formula (7). 

he w i l l  d e s i g n a t e  t h e  r i g h t  p a r t  of t h e  forrcula f o r  as Q and p r e s e n t  

1 1 7 
2 + COS (2M+ - 2~1)) - - e cos (M + 2~8)) t e COS (3M+ 20)) , 

where N =  J v f ; 2 - ~ ' ~ -  

wi th  t h e  Ea r th .  

i s  t h e  c o e f f i c i e n t  depending on t h e  c o n s t a n t s  connected 

I n  (15) w e  l i m i t e d  o u r s e l v e s  t o  t h e  f i r s t  power o f  e c c e n t r i c i t y  in 

o r d e r  t o  o b t a i n  the  s e c u l a r  p e r t u r b a t i o n s ,  c o r r e c t  t o  the  ze ro  power of ec- 

c e n t r i c i t y .  

Expanding t h e  r i g h t  p a r t  of  the equa t ion  for by degree  of  p e r t u r b a -  

t i o n  o f  t h e  e lements ,  we f i n d  t h a t  

The unpe r tu rbed  v a l u e s  o f  t h e  e l emen t s  s h o u l d  b e  r e p r e s e n t e d  i n  t h e  

r i g h t  p a r t  of (16) i n  Q,  as w e l l  as i n  i t s  d e r i v a t i v e s .  A f t e r  a p p r o p r i a t e  

t r a n s f o r n a t i o n s  and i n t e g r a t i o n ,  t h e  r i g h t  p a r t  (w i th  t h e  e x c e p t i o n  o f  t h e  

term Q which, when i n t e g r a t e d ,  produces b l ,  a) rill show t h e  p e r t u r b a t i o n s  

o f  t h e  second o r d e r  i n  r e l a t i o n  t o  t h e  o b l a t e n e s s  in Q. 

S i n c e  (9) does n o t  c o n t a i n  any e x p r e s s i o n s  for 6- p e r t u r b a t i o n s ,  we 

w i l l  make use of t h e  fo l lowing  known r e l a t i o n s h i p s  

3 
? ql= 6: - i;: - -- 

2 a  
iadt, J1 



. 
Ass ulaing t h a t  2 = Go + tlQ + %,L' + * where a0 i s  a c o n s t a n t  and 6 . 2  

1 

p e r t u r b a t i o n s  o f  t h e  i - t h  order, % e  w i l l  f i n d  from (16), b e a r i n g  (17) i n  

mind, t h a t  

The c a l ~ i i l a t i ~ n  c t f  i n d i v i d u a l  i n t e g r a l s  produces  t h e  

te rms:  

fo l lowing  s e c u l a r  

Here we , i nd  t h e  f o l l o w i n g  e x p r e s s i o n  for t h e  c o e f f i c i e n t  o f  t h e  secu- 

l a r  p e r t u r b a t i o n  i n  t h e  rcotion of a node o f  t h e  o r d e r  of t h e  s q u a r e  c o e f f i -  

c i e n t  o f  J: 

It  i s  n o t  d i f f i c u l t  t o  o b t a i n  a l s o  t h e  c o e f f i c i e n t  o f  t h e  secular per-  

t u r b a t i o n  i n  t h e  l o n g i t u d e  of a node of t h e  f irst  power in r e l a t i o n  to magni- 

t u d e  1). Here we should u s e  t h e  f o u r t h  e q u a t i o n  o f  system (81, and take t h e  

f o l l o w i n g  e x p r e s s i o n  as p e r t u r b a t i o n  f u n c t i o n  
1 fmo" 

35 r" 
R= -D -7 (li.5 ,sin4 & - 30 sin' 2 + 3). 

The c a l c u l a t i o n s  produce t h e  f o l l o w i n g  e x p r e s s i o n  f o r  t h e  s e c u l a r  motion 

o f  a node occas ioned  by t h i s  term o f  t h e ' p e r t u r b a t i o n  f u n c t i o n :  

14 



S-ing up Q;, 9' and i;, me will get the f u l l  s e c u l a r  motion of 
J? 

an ascend ing  node t h a t  mould take i n t o  account  t h e  terms o f  t h e  second o r d e r  

i n  r e l a t i o n s  t o  t h e  c o n t r a c t i o n  of  t h e  E a r t h  2 

1 L s h e r e  the  t o - e ~  w i t h  the eoeff ic%entr J and D are a-ccurate only t o  t h e  

first power of  o r b i t a l  e c c e n t r i c i t y .  

Expres s ion  (20) e n a b l e s  us  t o  t h e  e l l i p t i c i t y  o f  t h e  t e r r e s t r i a l  sphe- 

I r u i d  i f  t h e  obse rved  motion o f  the node is known. i 
6. Determining t h e  E a r t h ' s  O b l a t e n e s s  by the 

Observed Motion of a Node 

To c i t e  an example of t h e  a p p l i c a t i o n  o f  t h e  above-developed t h e o r e t i -  

c a l  e x p r e s s i o n  of t h e  motion of a node, w e  will c a l c u l a t e  t h e  o b l a t e n e s s  of  

t h e  E a r t h  by u s i n g  t h e  e l emen t s  o f  t h e  second S o v i e t  e a r t h  s a t e l l i t e  men- 

t i o n e d  i n  t h e  work of King-Hele and  &vierson (19581, and t h e  observed  magni- 

t u d e  of t h e  d i u r n a l  motion o f  t h e  node t o  epoch 4.0 o f  danuary 1958 as in- 

d i c a t e d  by U n g - c e l e  (1958). S i n c e  t h e  e l emen t s  o f  t h e  Janua ry  4.0 datum 

a r e  m i s s i n g ,  w e  will d e f i n e  them by an i n t e r p o l a t i o n  be tneen  t h e  two sys tems 

of e l emen t s  n e a r e s t  t o  t h a t  datum. We will g e t  t h e  f o l l o w i n g  i n i t i a l  d a t a :  

Epoch 1958 Janua ry  4.0 

P = lOO.5O3m (d racon ic  p e r i o d )  
a = 7161.19 kar 
e = 0.0802 
i = 69.29' 
i2 2.814' 

1. nere f o r  pu rposes  o f  un i fo rmi ty ,  t h e  c o e f f i c i e n t  o f  t h e  s e c u l a r  per- 
t u r b a t i o n  of t h e  l o n g i t u d e  o f  a f i r s t  o r d e r  node i n  r e l a t i o n  t o  J is 
d e s i g n a t e d  a6 hz' 
A similar formula w a 5  developed i n  King-Hele 's  work C19581 b u t  i t  w a s  
non-oscu la t ing  elements .  

j* 
2. 



. L.. c 

Pie w i l l  assume t h e  large semiaxis o f  t h e  t e r r e s t r i a l  e l l i p s o i d  a' t o  

be 6 ~78.10 k i lome te r s .  T o  c a l c u l a t e  t he  terms o f  t h e  second o r d e r ,  where  

t h e  approximate  v a l u e s  o f  t h e  J and D c o e f f i c i e n t s  would b e  s u f f i c i e n t ,  we 

will assume t h a t  

J= 0.001637, D = 0.0000106, 

We r i l l  d e f i n e  t h e  a v e r a g e  motion n i n c l u d e d  i n  formula (20) by t h e  

f o l l o w i n g  formula 

S t r i c t l y  speak ing ,  t h e  s ide rea l  r a t h e r  t h a n  t h e  d racon ic  p e r i o d  s h o u l d  

be  u s e d  i n  formula (21), b u t  t h e  e r r o r  i n v o l v e d  i n  t h i s  is so i n s i g n i f i c a n t  

t h a t  i t  may be d i s r e g a r d e d .  

A f t e r  t h e  s u b s t i t u t i o n  of a l l  t h e s e  d a t a  i n  (201, w e  w i l l  g e t  t h e  fol- 

lowing c o e f f i c i e n t  o f  J: J = 0.001628. 

The o b l a t e n e s s  o f  the Earth&' we sill f i n d  by the f o l l o w i n g  formula 

assuming t h a t  m = 3449.79 x In t h i s  c a s e ,  t h e  r e c i p r o c a l  o f  t h e  

E a r t h ' s  o b l a t e n e s s  i s  e q u a l  t o  

= 297.9. 

T h i s  v a l u e  s h o u l d  b e  somewhat i n c r e a s e d  by a more thorough c a l c u l a t i o n  

o f  t h e  a v e r a g e  motion.  
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